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Abstract
The Inference problem in probabilistic or Bayesian networks—given
a probabilistic network and a joint value assignment to a subset of its variables, compute the posterior probability of that assignment—is arguably
the canonical computational problem related to such networks. Since it
has been proven NP-hard by Cooper in 1990 [2], a number of complexity
results have been obtained for the inference problem. For example, the
question whether the posterior probability is non-zero is NP-complete [2]
and whether it is larger than a threshold q is PP-complete [10]. Roth
[14] established #P-completeness for the functional variant (i.e., where
the actual probability is computed). These results are based on different
reductions and often lack details (e.g., full membership proofs) due to
space constraints. In this paper we discuss a unifying construction that
reduces each of these problems from the corresponding Satisfiability
variant and give membership proofs in full detail, allowing the reader to
get a good understanding of these results and some important aspects
of Probabilistic Turing Machines, which are the building blocks of these
results. In addition, we show that the threshold variant of probabilistic
inference, while fixed-parameter tractable for bounded treewidth, remains
para-PP-complete even when the threshold is arbitrarily close to 1.

1

Introduction

A probabilistic or Bayesian network [13, 8] B is a graphical structure that
models a set of stochastic variables, the (in-) dependencies among these variables, and a joint probability distribution over these variables. B includes a
directed acyclic graph G = (V, A), modeling the variables and (in-) dependencies in the network, and a set of parameter probabilities Γ in the form
of conditional probability tables (CPTs), capturing the strengths of the relationships between the variables. The network models a joint probability
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Qn
distribution Pr(V) = i=1 Pr(vi | π(Vi )) over its variables, where π(V ) denotes the parents of V in G. We will use upper case letters to denote individual nodes in the network, upper case bold letters to denote sets of nodes,
lower case letters to denote value assignments to nodes, and lower case bold
letters to denote joint value assignments to sets of nodes. We will use E
to denote a set of evidence nodes, i.e., a set of nodes for which a particular joint value assignment is observed, and e to denote a particular observation. Every (posterior) probability of interest in Bayesian networks can be
computed using well known lemmas in probability theory, like Bayes’ theorem
P
| H)Pr(H)
), marginalization (Pr(H) = gi Pr(H ∧ G = gi )),
(Pr(H | E) = Pr(E Pr(E)
Qn
and the property that Pr(V) = i=1 Pr(vi | π(Vi )).
Arguably the most important computational problem related to probabilistic
networks, is determining the posterior probability distribution Pr(H | E = e) of
some set of variables H given an observation (or evidence) e for a set of other
variables E in the network. The probability distribution of any variable or set of
variables can in essence be calculated using common techniques in probability
theory, namely the chain rule, marginalization, and conditioning. However, this
calculation
Pcan take a time which is exponential in the size of the network, since
Pr(H) = gi Pr(H∧G = gi ). Typical algorithms for probabilistic inference are
the message passing [13], variable elimination [3], and clique tree propagation
(also called join tree propagation) [9] approaches. When the network structure
is restricted to be a polytree (or singly connected graph), inference can be done
in polynomial time, for example using the message passing algorithm [13].
No polynomial-time algorithms are known for the inference problem in general, and indeed various problem variants (discussed below) have been shown
to be NP-complete [2], PP-complete [10] and #P-complete [14], respectively.
The published proofs from the literature are partially based on other reductions: Cooper’s proof [2] uses a reduction from Vertex Cover; Littman [10]
asserts PP-completeness of the decision variant of the inference problem as a
corollary from Roth’s #P-completeness result; Roth’s [14] proof uses a reduction from Monotone 2SAT to preserve approximation results. Details of the
proofs (e.g., explicit membership proofs in PP or #P) are often omitted due to
space constraints. In this paper we will show that the hardness results can all
be obtained using a single construction and a reduction from the corresponding canonical Satisfiability-variant. Furthermore, we show that an fixedparameter intractability result can be derived from this construction: Threshold Inference remains para-PP-complete even if the threshold is arbitrarily
close to 1.
In this paper we explain the membership proofs in more detail, also taking
the opportunity to discuss Probabilistic Turing Machines as building blocks for
showing complexity results on probabilistic networks. The reader is assumed
to be familiar with the traditional machinery of computational complexity, i.e.,
non-deterministic Turing Machines, many-one and Turing reductions, and the
classes P and NP. In Section 2 we discuss Probabilistic Turing Machines, the
classes PP and #P and some of their properties. In Section 3 we give completeness results for four problem variants, namely Positive Inference, Certainty Inference, Threshold Inference and Exact Inference. We
discuss both membership in NP, co-NP, PP and #P, respectively, and hardness
for these classes; we’ll show that a single construction elegantly proves hard-

2

ness for these problems, using reductions from the appropriate Satisfiability
variants. A short conclusion is given in Section 4.

2

Probabilistic Turing Machines

In the remainder of this paper, we assume that the reader is familiar with basic
concepts of computational complexity theory, such as Turing Machines, the complexity classes P and NP, and NP-completeness proofs. For more background
we refer to classical textbooks like [5, 11]. In addition to these basic concepts,
to describe the complexity of various problems we will introduce co-NP (the
complement class of NP), Probabilistic Turing Machines, the probabilistic class
PP, and the counting class #P. We use the traditional conventions on Turing
Machines, i.e., the set of symbols is {0, 1, b} (where b denotes the blank symbol),
the states include the accept and reject states qY and qN , additional tapes may
be used when needed, and the machine either accepts or rejects an input after
polynomial time. The latter is accomplished by maintaining a clock: at first,
the machine computes, based on its input string x, how many moves it may use.
It writes that number on an additional clock tape, decrements the number after
each move and enters the reject state qN when the clock reaches zero.
The class co-NP is defined similarly as the class NP, but with “yes” and
“no” answers reversed: a language L is in co-NP if no computation paths accept
an input x ∈ L in time, polynomial1 in x; or, using the dual language Lc , if
all computation paths accept x. The canonical complete problems for co-NP
are UnSatisfiability, respectively Tautology: given a Boolean formula φ,
determine whether it is a contradiction (no possible truth instantiation satisfies
φ) respectively a tautology (every possible truth instantiation satisfies φ).
A Probabilistic Turing Machine augments the more traditional non-deterministic Turing Machine with a probability distribution associated with each state
transition, e.g., by providing the machine with a tape, randomly filled with
symbols [6]. At each transition there may be more than two choice points and
the probability that a particular transition is taken does not need to be uniformly
distributed; however, as will be demonstrated later on each such machine can
be translated in polynomial time into an equivalent machine with binary and
uniformly distributed transitions. We assume that, when given an input x, a
computation path ends in polynomial time with either accepting or rejecting
the input; for the machine as a whole, this means that the input is accepted or
rejected in polynomial time with a particular probability p, respectively 1 − p.
The class PP now contains languages L accepted with probability strictly larger
than 21 in polynomial time by a Probabilistic Turing Machine.
If all choice points are binary and the probability of each transition is 12 ,
then the majority of the computation paths accept an input x if and only if
x ∈ L. This majority, however, is not fixed and may (exponentially) depend on
the input, e.g., a problem in PP may accept ‘yes’-instances with size |x| with
1
probability 21 + 2|x|
. This makes problems in PP intractable in general. The
canonical PP-complete problem is Majsat: given a Boolean formula φ, does
the majority of the truth instantiations satisfy φ? Indeed it is easily shown that
Majsat encodes the NP-complete Satisfiability problem: take a formula φ
1 Here of course the clock is used in a complementary way, entering the accept state q
Y
when the clock reaches zero.
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with n variables and construct ψ = φ ∨ xn+1 . Now, the majority of truth
assignments satisfy ψ if and only if φ is satisfiable, thus NP ⊆ PP.
An alternative formulation of the class PP is based on threshold machines:
a k-threshold machine Mk is a non-deterministic Turing Machine where acceptance of an input x is defined using a threshold k on the number of accepting
paths: Mk accepts x if at least k computation paths of Mk halt in the accept
state qY . In this notion of PP, an alternative PP-complete problem is typically
used, namely K-Sat: given a formula φ and an integer k; is the number of accepting truth assignments to φ at least k? This problem has Majsat as special
case (take k = 2(|φ|−1) + 1) and is thus PP-hard; membership in PP was shown
in [15].
Apart from decision classes, that are based on some sort of acceptance on a
Turing Machine accepting or rejecting inputs, we have function classes. Function classes are defined using a Turing Transducer: a Turing Machine with an
additional output tape which contains, for each input x, the output f (x); the
Turing Transducer is said to compute f . For example, FP and FNP are the
functional counterparts of P and NP. A function f (x) is in #P if there is a
non-deterministic Turing machine on which f (x) computational paths accept
an input x, or more informally, a counting problem (“how many solutions...”)
is in #P if its corresponding decision problem (“does a solution exist...”) is in
NP [16]. The canonical problem in #P is #Sat: given a Boolean formula φ,
give the number of distinct truth instantiations to its variables that satisfies it.
PP and #P are closely related; when used as an oracle to a deterministic
Turing Machine, the complete problems K-Sat and #Sat for the respective
classes are equally powerful. An oracle for a particular problem, like #Sat, can
be seen as a “black box” magically and in constant time answering problems
or computing functions belonging to that problem. A machine M with oracle
access to a problem P , denoted by MP , is equipped with an additional oracle
o
o
. M can query the oracle
, qYo and qN
tape and three additional oracle states qQ
o
. The
by writing a string x on the oracle tape and enter the oracle query state qQ
o
o
oracle then (immediately) puts M in either state qY or qN based on the input
x on its tape, and, if the oracle represents a functional problem f , replacing the
string x with f (x) on the oracle tape. If P is complete for a class C than we
typically use the notation MC since we can use (instead of P ) any C-complete
problem as an oracle without loss of generality. By definition, problems that
can be solved with a deterministic Turing machine with oracle access to C are
in the class PC ; likewise problems that can be solved with a non-deterministic
Turing machine with oracle access to C are in the class NPC .
The relation between PP and #P can be formalized as PPP = P#P : any
oracle call to a function in #P can be simulated with a polynomial number of
calls to a decision problem in PP and vice versa2 .
Result 1 ([1]). PPP = P#P .
Proof. We prove this theorem using the complete problems #Sat (for #P) and
K-Sat (for PP). Trivially, any K-Sat problem (φ, k) can be solved using an
algorithm for #Sat as the answer n of the #Sat query represents that n out of
2|φ| paths accept: simply answer “yes” if and only if the answer is greater than
k. The other direction requires a little more work. We use binary search to find
2 And

thus, since a polynomial times a polynomial is a polynomial again, PPP =P#P .
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the lowest value for k in {1, 2, . . . , 2|φ| } such that K-Sat accepts and output
k−1. This can be done in polynomial time since we need at most log2 (2|φ| ) = |φ|
steps in our binary search algorithm.

3

Complexity results for Inference

In this section we give the known hardness and membership proofs for the
following variants of the general Inference problem.
Positive Inference
Instance: Let B = (G, Γ) be a probabilistic network, and let Pr be its joint
probability distribution.Let H ⊆ V denote a set of variables with joint value
assignment h, and let E ⊆ V denote a set of evidence variables with joint
value assignment e.
Question: Is Pr(h | e) > 0?
Certainty Inference
Instance: Let h and e be given as in Positive Inference.
Question: Is Pr(h | e) = 1?
Threshold Inference
Instance: Let h and e be given as in Positive Inference. Furthermore, let
0 ≤ q < 1.
Question: Is Pr(h | e) > q?
Exact Inference
Instance: Let h and e be given as in Positive Inference.
Output: The probability Pr(h | e).
Note that the first three problems are decision problems and that the last
one is a function problem, i.e., a function that can be computed by a Turing Transducer. We will first discuss membership of NP, co-NP, PP, and #P,
respectively, for these problems.

3.1

Membership

Lemma 2. Positive Inference is in NP.
Proof. To prove membership in NP, it suffices to give a polynomial-time verifiable certificate of membership. Let
. . , Yn } denote the variables in V \
P {Y1 , .P
{H ∪ E}. Recall that Pr(h, e) = y1 . . . yn Pr(Y1 = y1 , . . . , Yn = yn , h, e)
according to the marginalization property. To show that Pr(h | e) > 0 (and
hence that Pr(h, e) > 0) we need to show that there exists at least one term
Pr(y1 , . . . , yn , h, e) > 0. A certificate for this purpose consists of the corresponding entries in the CPTs, and can trivially be verified in polynomial time,
hence Positive Inference is in NP.
Lemma 3. Certainty Inference is in co-NP.
Proof. To prove membership of co-NP we need to show that any negative instance x can be recognized in polynomial time using a certificate, i.e., we
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need to show that we can falsify membership in polynomial time. To falsify that Pr(h | e) = 1 we need to show that there exists at least one term
Pr(y1 , . . . , yn , h, e0 ) > 0 (for a joint value assignment e0 6= e to E). Again,
such a certificate consists of the corresponding entries in the CPTs, and can be
verified in polynomial time, hence Certainty Inference is in co-NP3 .
Lemma 4. Threshold Inference is in PP.
Proof. To prove membership in PP, we need to show that Threshold Inference can be decided by a Probabilistic Turing Machine M in polynomial time.
To facilitate our proof, we first show how to compute Pr(h) probabilistically;
for brevity we assume no evidence, the proof with evidence goes analogously.
M computes a joint probability Pr(y1 , . . . , yn ) by iterating over i using a topological sort of the graph, and choosing a value for each variable Yi conform the
probability distribution in its CPT given the values that are already assigned to
the parents of Yi . Each computation path then corresponds to a specific joint
value assignment to the variables in the network, and the probability of arriving
in a particular state corresponds with the probability of that assignment. After
iteration, we accept with probability 21 +(1−q)·, if the joint value assignment to
Y1 , . . . , Yn is consistent with h, and we accept with probability 21 −q· if the joint
value assignment is not consistent with h. The probability of entering an accepting state is hence Pr(h)·( 21 +(1−q))+(1−Pr(h))·( 21 −q ·) = 12 +Pr(h)·−q ·.
Now, the probability of arriving in an accepting state is strictly larger than 12
if and only if Pr(h) > q.
For Exact Inference, showing membership in #P is a bit problematic as
#P is defined as the class of counting problems which have a decision variant
in NP; a problem is in #P if it computes the number of accepting paths on a
particular TM given an input x. Since Exact Inference is not a counting
problem, technically Exact Inference cannot be in #P; however, we will
show that Exact Inference is in #P modulo a simple normalization. We
already showed in the PP-membership proof of Threshold Inference, that
we can construct a Probabilistic Turing Machine that accepts with probability q
on input h, where Pr(h) = q. We now proceed to show4 that there exists a nondeterministic Turing Machine that on input h accepts on exactly l computation
l
paths, where Pr(h) = (k!)p(|φ|)
for some number k and polynomial p. The process
is illustrated in Figure 1.
Lemma 5. Exact Inference is in #P modulo normalization.
Proof. Assume we have a Probabilistic Turing Machine M whose branches may
be non-binary and non-uniform. First we observe that we can translate every
j-branch to a uniformly distributed j!-branch. Assume for example that at any
banch point the probability of the transition from ti to {tj1 , tj2 , tj3 } is given as
1
1
1
1
7 for tj1 , 5 for tj2 , and 1 − ( 7 + 5 ) for tj3 . We can replace this transition with
a uniform 35-way branch, where five branches end up in tj1 , seven branches
end up in tj2 and 23 branches end up in tj3 . Assume the maximum number of
branches in the original machine M was k. After this translation step, we might
3 Observe that we may also define Certainty Inference in the opposite way, i.e., determine
whether Pr(h | e) = 0, with trivial adjustments in the proof construction; the same holds for
the corresponding hardness proof.
4 Lane A. Hemaspaandra, personal communications, 2011.
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Figure 1: Uniformation, fixing path length and making branch points binary.

up with some branches that are 2-way, some that are 3-way, . . ., and some that
are k-way. We again rework the machine to obtain only k!-branches.
Still, some computation paths may be deeper than others. We remedy this
using an normalization approach as in [7] by extending each path to a fixed
length, so that each path has the same number of branching points, polynomial in the input size (i.e., p(|x|)). Each extended path accepts if and only if
the original path accepts and the proportion of accepting and rejecting paths
remains the same. We thus have amplified the number of accepting paths to
(k!)p(|x|) . Lastly, we observe that we can translate each branch (which is a k!way branch) to a sequence of binary branches by taking z = 2i as the smallest
power of 2 larger than k! and constructing a z-way branch (but implemented
as i consecutive 2-way branches), where the first k! branches mimic the original
behavior, and the remaining z − k! branches all reject. We now have that the
number of accepting paths is (k!)p(|x|) times the probability of acceptance of the
original Probabilistic Turing Machine, but now we have binary and uniformly
distributed transitions and all computation paths of equal length. Given these
constraints, this is essentially a #P function as the probability of any computation path is uniformly distributed: essentially we are counting accepting paths
on a non-deterministic Turing Machine, modulo a straight normalization (divi-
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Figure 2: The probabilistic network corresponding to ¬(x1 ∨ x2 ) ∨ ¬x3

sion by (k!)p(|x|) ) to obtain a probability rather than an integer. To be precise,
there is a function f in #P, a constant k, and a polynomial p such that the
probability Pr(h) is precisely f (x) divided by (k!)p(|x|) .

3.2

Hardness

To prove hardness results for these three problems, we will use a proof technique due to Park and Darwiche [12]. Using this technique they proved that
the decision variant of the problem of finding the most likely joint value assignment to a set of variables given partial evidence for the complement of that set
(the Partial MAP problem), is NPPP -complete. In the proof, a probabilistic
network Bφ is constructed from a given Boolean formula φ with n variables.
For each propositional variable xi in φ, a binary stochastic variable Xi is added
to Bφ , with possible values true and false and a uniform probability distribution. For each logical operator in φ, an additional binary variable in Bφ is
introduced, whose parents are the variables that correspond to the input of the
operator, and whose conditional probability table is equal to the truth table of
that operator. For example, the value true of a stochastic variable mimicking the and -operator would have a conditional probability of 1 if and only if
both its parents have the value true, and 0 otherwise. The top-level operator
in φ is denoted as Vφ . In Figure 2 the network Bφ is shown for the formula
¬(x1 ∨ x2 ) ∨ ¬x3 .
Now, for any particular truth assignment x to the set of all propositional
variables X in the formula φ we have that the probability of the value true of
Vφ , given the joint value assignment to the stochastic variables matching that
truth assignment, equals 1 if x satisfies φ, and 0 if x does not satisfy φ. Without
#
any given joint value assignment, the prior probability of Vφ is 2nφ , where #φ is
the number of satisfying truth assignments of the set of propositional variables
X. Note that the above network Bφ can be constructed from φ in polynomial
time.
Lemma 6. Positive Inference is NP-hard.
Proof. We reduce Satisfiability to Positive Inference. Let φ be a Satisfiability-instance and let Bφ be the network as constructed above. Now,
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Pr(Vφ = true) > 0 if and only if there is a satisfying truth assignment to
φ.
Lemma 7. Certainty Inference is co-NP-hard.
Proof. We reduce Tautology to Certainty Inference. Let φ be a Tautology-instance and let Bφ be the network as constructed above. Now, Pr(Vφ =
true) = 1 if and only if φ is a tautology5 .
Lemma 8. Threshold Inference is PP-hard.
Proof. We reduce Majsat to Threshold Inference. Let φ be a Majsatinstance and let Bφ be the network as constructed above. Now, Pr(Vφ =
true) > 12 if and only if the majority of truth assignments satisfy φ.
Lemma 9. Exact Inference is #P-hard.
Proof. We reduce #Sat to Exact Inference, using a parsimoniously polynomial-time many-one reduction, i.e., a reduction that preserves the number of
solutions. Let φ be a #Sat-instance and let Bφ be the network as constructed
above. Now, Pr(Vφ = true) = 2ln if and only if l truth assignments satisfy
φ.

3.3

Fixed parameter tractability

While a problem can be NP-hard in general, in some cases it can be nevertheless
be solved in polynomial time when some parameters of the problem instance are
bounded. If we may safely assume that these parameters {κ1 , . . . , κm } always
have a low value, then the otherwise intractable problem becomes tractable
again. A problem Π is called fixed parameter tractable for the set of parameters
{κ1 , . . . , κm } if there exists an algorithm solving Π in time O(f (κ1 , . . . , κm ) · nc )
for any computable function f and constant c; the parameterized problem is in
the class FPT if and only if there exits a fixed parameter tractable algorithm
solving it. However, if a problem is NP-hard for all (but finitely many) values of
the parameter set, then the problem is denoted para-NP-hard for that parameter
set. For example, CNF-SAT, parameterized by the number of literals k in each
clause, is para-NP-hard, as CNF-SAT enjoys polynomial time algorithms only
for k < 3 and is NP-hard for k ≥ 3. Similar notions of intractability exist for
other complexity classes like PP. Obviously, FPT ⊆ para-NP; the inclusion is
strict unless P = NP6 .
It is known that the inference problem in networks where the moral graph
has bounded treewidth and the number of values per variable is bounded by a
constant can be solved in linear time, using the clique tree propagation algorithm by Lauritzen and Spiegelhalter [9]. Hence, the inference problem is fixed
parameter tractable for the set of parameters {tw, v}, where v denotes the maximal number of values per variable. The hardness construction discussed above
induce para-PP-hardness of Threshold Inference for parameters {v, din },
5 Alternatively, when reducing from UnSatisfiability, Pr(V = true) = 0 if and only if φ
φ
is a contradiction.
6 There exists a whole hierarchy of intermediate parameterized complexity classes, namely
the W-hierarchy, that is not used here; the reader is referred to, e.g., [4] for an overview of
parameterized complexity.
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where din denotes the maximal indegree of the variables, as all variables are
binary and all have an indegree of 2. We will show, using a simple extension to
the proof construct, that Threshold Inference is also para-PP-hard for the
parameter7 set {q}.
Lemma 10. Threshold Inference is para-PP-hard for parameter set {q}.
Proof. We reduce Majsat to Threshold Inference. Let φ be a Majsatinstance and let Bφ be the network as constructed above. We fix q to be any
rational number in h0, 1i. We now add a binary variable Cφ to our network, with
Vφ as its only parent, and probability table Pr(Cφ = true | Vφ = true) = q + 
and Pr(Cφ = true | Vφ = false) = q −  for an arbitrary small value 
such that q −  > 0 and q +  < 1. Now, Pr(Cφ = true) > q if and only if
Pr(Vφ = true) > 21 . Hence, Threshold Inference is PP-hard for every fixed
q in h0, 1i.
One can interpret these results as follows: while Threshold Inference
can be solved tractably when the treewidth of the network and the number
of values per variable are small, Threshold Inference remains intractable
even when all variables are binary, even when all variables have indegree 2, and
even when the threshold probability is arbitrarily close to 1. Observe that the
problem degenerates to Positive Inference if the threshold equals 0; deciding
whether the probability is exactly 0 or 1 degenerates to Certainty Inference
and hence is co-NP-complete.

4

Conclusion

In this paper an overview is given of the computational complexity of Positive Inference, Certainty Inference, Threshold Inference, and Exact Inference, with a unifying construction for all hardness proofs (using
reductions from the appropriate Satisfiability variants) and full details on
the membership proofs. In addition, a fixed parameter intractability result is
derived from this construction: Threshold Inference is shown to remain
para-PP-complete even if the threshold is arbitrarily close to 1. A fair amount
of background on the PP and #P complexity classes and the Probabilistic (or
Threshold) Turing Machines that are used to define them is given as preliminaries to the main results.
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